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MATH/CALCULUS REVIEW  

 

SLOPE, INTERCEPT, and GRAPHS REVIEW (adapted from Paul’s Online Math Notes) 

Let’s start with some basic review material to make sure everybody is on the same page.  

The slope of a line is a measure of the steepness of a line and it can also be used to 

measure whether a line is increasing or decreasing as we move from left to right.  Here is 

the precise definition of the slope of a line. 

Given any two points on the line say,  and , the slope of the line is given by, 

 
 

  

  

In other words, the slope is the difference in the y values divided by the difference in 

the x values.  Also, do not get worried about the subscripts on the variables.  These are 

used fairly regularly from this point on and are simply used to denote the fact that the 

variables are both x or y values but are, in all likelihood, different. 

When using this definition do not worry about which point should be the first point and 

which point should be the second point.  You can choose either to be the first and/or 

second and we’ll get exactly the same value for the slope. 

There is also a geometric “definition” of the slope of the line as well.  You will often hear 

the slope as being defined as follows, 

 

  

The two definitions are identical as the following diagram illustrates.  The numerators 

and denominators of both definitions are the same. 
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Note as well that if we have the slope (written as a fraction) and a point on the line, 

say , then we can easily find a second point that is also on the line.  Before seeing 

how this can be done let’s take the convention that if the slope is negative we will put the 

minus sign on the numerator of the slope.  In other words, we will assume that 

the rise is negative if the slope is negative.  Note as well that a negative rise is really 

a fall. 

So, we have the slope, written as a fraction, and a point on the line, .  To get the 

coordinates of the second point,  all that we need to do is start at  then 

move to the right by the run (or denominator of the slope) and then up/down by rise (or 

the numerator of the slope) depending on the sign of the rise.  We can also write down 

some equations for the coordinates of the second point as follows, 

 
 

  

  

Note that if the slope is negative then the rise will be a negative number. 

Note too that the slope of a linear line is also equal to the first derivative of the equation 

(as we will see later).  

Let’s compute a couple of slopes. 

 

Example: Determine the slope of each of the following lines. Sketch the graph of each 

line. 

a) The line that contains the two points (-2,-3) and (3,1). 
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Solution: 

Do not worry which point gets the subscript of 1 and which gets the subscript of 

2.  Either way will get the same answer.  Typically, we’ll just take them in the order 

listed.  So, here is the slope for this part. 

                                                      

Be careful with minus signs in these computations.  It is easy to lose track of them.  Also, 

when the slope is a fraction, as it is here, leave it as a fraction.  Do not convert to a 

decimal unless you absolutely have to. 

  

Here is a sketch of the line. 

 

Notice that this line increases as we move from left to right. 

b) The line that contains the two points (-1,5) and (0,-2). 

Solution: 

 

Here is the slope for this part. 

                                                       

Again, watch out for minus signs.  Here is a sketch of the graph. 
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This line decreases as we move from left to right.// 

 

The intercept of a line is where the graph crosses the x or y axes. Algebraically, an x-

intercept is a point on the graph where y is zero, and a y-intercept is a point on the 

graph where x is zero.  

 

In the equation,  

𝑦 = 𝑚𝑥 + 𝑏 
 

b is the y-intercept and m is the slope of the line.  

 

 

Let’s graph a simple linear demand curve to review: 

𝑝 = 100 − 10𝑄 
 

where p is price and Q is quantity demanded.  

y-intercept is at 100 (because this is the value of p when Q=0). Slope is -10 and 

crosses the x-axis when p=0, which implies Q=10 (this is the x-intercept).  

 

Any questions? This is pretty basic review.  

 

 

EXPONENTIAL AND LOGARITHMIC FUNCTIONS 

 
An exponential function is a function in which a constant base a is raised to a 

variable exponent x. This might look like, 

𝑦 = 𝑎𝑥   𝑎 > 0 𝑎𝑛𝑑 𝑎 ≠ 1 
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These are commonly used to express rates of growth and decay, such as interest 

compounding and depreciation.  

One graphical example: 

 

Interchanging the variables of an exponential function f defined by 𝑦 = 𝑎𝑥 gives rise to a 

new function g defined by 𝑥 = 𝑎𝑦 such that any ordered pair of numbers in f will also be 

found in g in reverse order. For example, if f(2)=4, then g(4)=2. The new function g, the 

inverse of the exponential function f, is called the logarithmic function with base a.  

It is commonly written as, 

𝑦 = log𝑎 𝑥    𝑎 > 0, 𝑎 ≠ 1 

In this class, we will be using logarithmic functions with base e=2.71828… (Euler’s 

number). These are called natural logarithms or natural logs for short and are 

written as, 

𝑦 = ln 𝑥 
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Properties of exponents and natural logarithms: 

 

i) 𝑙𝑛(𝑒𝑎) = 𝑎      j) ln (𝑒𝑥) = 𝑥 

k) 𝑒𝑙𝑛𝑥 = 𝑥 

 

Examples: Simplify the following. 

a) 𝑥2 ∗ 𝑥5 = 𝑥7  b) 
𝑥6

𝑥2
= 𝑥4  c) 2𝑥−3 =

2

𝑥3
 

d) 𝑥−1/2 =
1

√𝑥
   e) ln(5𝑥) = ln(5) + ln (𝑥) 

f) ln (
2

𝑥
) = ln(2) − ln (𝑥) g) ln (𝑥−

1

2) = −
1

2
∗ ln (𝑥) 

// 

How might this be helpful in economics? 
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Example: The following Cobb-Douglas production function looks a little nasty, 

𝑞 = 𝐴𝐾𝛼𝐿𝛽 

where q is output, K is capital input, L is labor input, and A, 𝛼, 𝛽 are constants.  

This function is log-linear. That means that if we take the natural log of both sides of the 

function, it becomes linear, 

𝑙𝑛𝑞 = 𝑙𝑛𝐴 + 𝛼𝑙𝑛𝐾 + 𝛽𝑙𝑛𝐿 

This log transformed Cobb-Douglas production function is much easier to work with. // 

 

CALCULUS REVIEW (from Hoy et al., 2011) 

The purpose of the derivative is to express in a convenient way how a change in the level 

of one variable (e.g., x) determines a change in the level of another variable (e.g., y). 

This allows economists to perform a marginal analysis (i.e., how does a change in 

firm output affect its costs?).  

R.1. Definition of a Tangent Line 

A tangent to a curve is a straight line that just touches the curve at a given point. For 

example,  

 

Each point on the curve will have a different tangent line. For a smooth curve, such as 

the one drawn in the figure, the slope of the tangent line is the same as the slope of the 

curve at the point where it touches. The slope of the tangent line at (x, f(x)) is called the 

value of the derivative of the function y=f(x) at point (x,f(x)). The derivative function 

gives the value of the slope of the tangent for different points along the function as 

determined by the value of x.  
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Using tangent lines is an easy and visual way to calculate the derivative of a function. 

 

R.2. Definition of the Derivative  

The derivative is simply the slope of the line. If y=f(x) is some function, then its 

derivative at point x is 𝑓′(𝑥) or 𝑓′ for short. The derivative function, 𝑓′, is the function 

which indicates the value of the derivative of the function at each point of the domain of 

f.   

This relates directly to the tangent line idea. For a given domain of f, there is a 

corresponding value f(x). The intersection between each point on f(x) and its 

corresponding tangent line has equal slope. Thus, the slope of the tangent line is the 

value of the derivative at that point!  

Definition R.2. Formally, the derivative of a function y=f(x) at the point 𝑃 =

(𝑥1, 𝑓(𝑥1)) is the slope of the tangent line at that point.  

𝑓′(𝑥1) = lim
∆𝑥→0

𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1
 

where ∆𝑥 = 𝑥2 − 𝑥1. 

Note the use of the limit function, which tells us to evaluate the quotient as the 

difference between 𝑥2 and 𝑥1 approaches zero. This is particularly important for non-

linear curves. The precise derivative of a function is found only as the difference 

between two points gets closer and closer to zero. Of course, we can approximate the 

derivative using two far away points (e.g., 10 and 5), but it will only be a rough 

approximation. The precision of our estimate increases as the points get closer and 

closer, until we approach the true derivative in the limit.  

For linear curves, as we will see in the example below, the limit does not matter. The 

limit of a constant is simply a constant.  

Example: Suppose we have a function y=5x+2. Graph it. It is linear with slope of 5 and 

an intercept of 2. Let’s apply the definition in R.2. to calculate the derivative of the 

function at an arbitrary point: 𝑥1 = 1, 𝑥2 = 4.  

Using the definition,  

𝑓(𝑥2) = (5 ∗ 4) + 2 = 22 

𝑓(𝑥1) = (5 ∗ 1) + 2 = 7 

𝑥2 − 𝑥1 = 4 − 1 = 3 

Putting it altogether,  

𝑓′(𝑥1) = lim
∆𝑥→0

𝑓(𝑥2) − 𝑓(𝑥1)

𝑥2 − 𝑥1
= lim

∆𝑥→0

22 − 7

3
= 5 
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Thus, the derivative of f(x) at the point 𝑥1 = 1 is 5. We know this is correct because the 

slope of the function y=5x+2 is constant for all x and is equal to 5 (i.e., it is linear). 

Hence, we can conclude that the derivative of y=5x+2 is 𝑦′ = 5 for all x on the relevant 

domain. // 

 

Note that the derivative of a function can also be written as 
𝑑𝑦

𝑑𝑥
. No matter the notation, a 

convenient economics interpretation of a derivative is that it represents the 

instantaneous change in y that results from an infinitesimal change in x. “A marginal 

change in x results in a change in y equal to the derivative.”   

𝑓′ denotes the first derivative while 𝑓′′ denotes the second derivative of the function.  

For a function to be differentiable (i.e. it has a derivative) it must be smooth (no sharp 

points in the graph of the function) and continuous (no breaks in the graph of the 

function).  

If the curve is linear (like in our previous example), then the derivative/slope is constant 

such as in 𝑦 = 𝑚𝑥 + 𝑏 (where m is the slope and b is the constant). For non-linear 

curves (like in the first graph), the slope depends on where you are located on the curve 

(i.e., the slope is non-constant).  

The goal of differential calculus is to find the slope of the tangent. Remember this 

throughout the course.  

 

R.3. Rules for Taking Derivatives 

Rule 1 Derivative of a constant function: 

𝐼𝑓 𝑓(𝑥) = 𝑐, 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, 𝑡ℎ𝑒𝑛 𝑓′(𝑥) = 0. 

Rule 2 Derivative of a linear function: 

𝐼𝑓 𝑓(𝑥) = 𝑚𝑥 + 𝑏, 𝑤𝑖𝑡ℎ 𝑚 𝑎𝑛𝑑 𝑏 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠, 𝑡ℎ𝑒𝑛 𝑓′(𝑥) = 𝑚. 

Rule 3 Derivative of a power function: 

𝐼𝑓 𝑓(𝑥) = 𝑥𝑛, 𝑡ℎ𝑒𝑛 𝑓′(𝑥) = 𝑛𝑥𝑛−1. 

Rule 4 Derivative of the constant multiple of a function: 

𝐼𝑓 𝑔(𝑥) = 𝑐𝑓(𝑥), 𝑤𝑖𝑡ℎ 𝑐 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡, 𝑡ℎ𝑒𝑛 𝑔′(𝑥) = 𝑐𝑓′(𝑥). 

Rule 5 Derivative of the sum or difference of a pair of functions: 

𝐼𝑓 ℎ(𝑥) = 𝑔(𝑥) + 𝑓(𝑥), 𝑡ℎ𝑒𝑛 ℎ′(𝑥) = 𝑔′(𝑥) + 𝑓′(𝑥), 𝑤ℎ𝑖𝑙𝑒 𝑖𝑓 ℎ(𝑥)

= 𝑔(𝑥) − 𝑓(𝑥), 𝑡ℎ𝑒𝑛 ℎ′(𝑥) = 𝑔′(𝑥) − 𝑓′(𝑥). 
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Rule 6 Derivative of the sum of an arbitrary but finite number of functions: 

𝐼𝑓 ℎ(𝑥) = ∑ 𝑔𝑖(𝑥)
𝑛

𝑖=1
, 𝑡ℎ𝑒𝑛 ℎ′(𝑥) = ∑ 𝑔𝑖

′(𝑥)
𝑛

𝑖=1
. 

Rule 7 Derivative of the product of two functions: 

𝐼𝑓 ℎ(𝑥) = 𝑓(𝑥)𝑔(𝑥), 𝑡ℎ𝑒𝑛 ℎ′(𝑥) = 𝑓′(𝑥)𝑔(𝑥) + 𝑓(𝑥)𝑔′(𝑥). 

Rule 8 Derivative of the quotient of two functions: 

𝐼𝑓 ℎ(𝑥) =
𝑓(𝑥)

𝑔(𝑥)
, 𝑔(𝑥) ≠ 0, 𝑡ℎ𝑒𝑛 ℎ′(𝑥) =

𝑓′(𝑥)𝑔(𝑥) − 𝑓(𝑥)𝑔′(𝑥)

[𝑔(𝑥)]2
. 

Rule 9 Derivative of a function of a function – the chain rule: 

𝐼𝑓 𝑦 = 𝑓(𝑢) 𝑎𝑛𝑑 𝑢 = 𝑔(𝑥) 𝑠𝑜 𝑡ℎ𝑎𝑡 𝑦 = 𝑓(𝑔(𝑥)) = ℎ(𝑥), 𝑡ℎ𝑒𝑛 ℎ′(𝑥) = 𝑓′(𝑢)𝑔′(𝑥). 

Rule 10 Derivative of the inverse of a function: 

𝐼𝑓 𝑦 = 𝑓(𝑥)ℎ𝑎𝑠 𝑡ℎ𝑒 𝑖𝑛𝑣𝑒𝑟𝑠𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑥 = 𝑔(𝑦), 𝑡ℎ𝑎𝑡 𝑖𝑠, 𝑖𝑓 𝑔(𝑦) = 𝑓−1(𝑦) 𝑎𝑛𝑑 𝑓′(𝑥)

≠ 0, 𝑡ℎ𝑒𝑛 
𝑑𝑥

𝑑𝑦
=

1

𝑑𝑦
𝑑𝑥

 𝑜𝑟 𝑔′(𝑦) =
1

𝑓′(𝑥)
 𝑤ℎ𝑒𝑟𝑒 𝑦 = 𝑓(𝑥). 

Rule 11 Derivative of the exponential function: 

𝐼𝑓 𝑦 = 𝑒𝑥, 𝑡ℎ𝑒𝑛
𝑑𝑦

𝑑𝑥
= 𝑒𝑥. 

Rule 12 Derivative of the logarithmic function (base e): 

𝐼𝑓 𝑦 = 𝑙𝑛𝑥, 𝑡ℎ𝑒𝑛
𝑑𝑦

𝑑𝑥
=

1

𝑥
. 

 

Example: Find the derivative of each of the following items (using each of the rules 

from above).  

a) 𝑦 = 7  b) 𝑦 = 12 − 5𝑥  c) 𝑦 = −2𝑥 

d) 𝑦 = 3𝑥4  e) 𝑦 = −10𝑥 + 3𝑥  f) 𝑦 = 3𝑥 ∗ (−4𝑥) 

g) 𝑦 = 2(6𝑥 − 2)3 h) 𝑦 = (1 + 𝑥3)10  i) 𝑦 =
8𝑥4+7𝑥

5𝑥
  

// 

 

R.4. Optimization using Derivatives 
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Derivatives are also useful to economists because they allow us to find where a given 

function or curve is at its maximum or minimum. For example, a firm wants to choose 

its inputs so as to maximize its profit function. This is the realm of differential calculus 

called optimization. We will get into this more later, so I’m just going to setup a few 

fundamentals now.  

The maximum or minimum of a function exists where the slope is zero AND the second 

derivative is either negative (maximum) or positive (minimum) when it is evaluated at 

the extreme point. Note that calculating where the slope is equal to zero is only a 

necessary, but not sufficient condition for a max or min.  

The cookie-cutter approach where 𝑦 = 𝑓(𝑥) is some generic function of interest:  

1) Take the first derivative and set it equal to zero, 𝑓′(𝑥) = 0. This the first-order 

condition (FOC). Use the FOC to solve for the x that satisfies this condition (call it 

𝑥∗). This is the extreme point and is a candidate for either a max or min.  

2) Take the second derivative and evaluate it at 𝑥∗. This is the second-order 

condition (SOC). Apply the following rule: 

If 𝑓′′(𝑥∗) < 0 then the function is concave with a maximum 

If 𝑓′′(𝑥∗) > 0 then the function is convex with a minimum   

 

 

R.5. Partial Derivatives 

Many functions in economics are composed of more than one independent variable. For 

example, income and prices determine quantity demanded by a consumer. Let’s assume 

that we have a function composed of 2 independent variables.  

Generally, 𝑧 = 𝑓(𝑥, 𝑦) where z is the dependent variable, x and y are the independent 

variables. Z might be quantity demanded, x could be price, and y could be individual 

income.  

To measure the effect of a change in a single independent variable (x or y) on the 

dependent variable (z) in a multivariable function, the partial derivative is needed. 

The partial derivative of z with respect to x measures the instantaneous rate of change of 

z with respect to x while y is held constant. It is written 𝑓𝑥(𝑥, 𝑦) 𝑜𝑟 𝑓𝑥. The partial 

derivative of z with respect to y measures the rate of change of z with respect to y while x 

is held constant. It is written as 𝑓𝑦(𝑥, 𝑦) 𝑜𝑟 𝑓𝑦.  

Partial differentiation with respect to one of the independent variables follows the same 

rules as ordinary differentiation while the other independent variables are treated as 

constant.  

Example: the partial derivatives of the multivariable function 𝑧 = 3𝑥2𝑦3 are found as 

follows.  
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a) When differentiating with respect to x, treat the y term as a constant by mentally 

bracketing it with the coefficient: 

𝑧 = [3𝑦3] ∗ 𝑥2 

 

Take the derivative of the x term, holding the y term constant, 
𝜕𝑧

𝜕𝑥
= 𝑧𝑥 = [3𝑦3] ∗

𝑑

𝑑𝑥
(𝑥2) 

= [3𝑦3] ∗ 2𝑥 

 

Recalling that a multiplicative constant remains in the process of differentiation, 

simply multiply and rearrange terms to obtain 

𝑧𝑥 = 6𝑥𝑦3 

 

b) When differentiating with respect to y, treat the x term as a constant by 

bracketing it with the coefficient; then take the derivative as was done above: 

𝑧 = [3𝑥2] ∗ 𝑦3 
𝜕𝑧

𝜕𝑦
= 𝑧𝑦 = [3𝑥2]

𝑑

𝑑𝑦
(𝑦3) 

= 9𝑥2𝑦2 

// 

 


